Introduction
The rings considered in this paper are (commutative integral) domains, typically of finite Krull dimension. We denote the rings of polynomials and formal power series in n indeterminates over a ring R by R [X,, . . , X,,] and R [[X,, . . , X,,] [7, 231 that if R is an LFD Prufer SFT-ring, then R[[X,, . . . , X,,] ] is catenarian if and only if either n = 1 or dim(R) = 1. (Another positive result on catenarity of formal power series rings in one variable, over a globalized pseudo-valuation SFT-ring, appears in [16] .) It thus seems reasonable to ask if there exists a non-Noetherian ring R with dim(R) > 1 such that R [[X,, . . , X,,] ] is catenarian for each integer ~12 1. One consequence of our work is an affirmative answer to this question; see Example 3.6 below.
In this paper, we are principally interested in when R [[X,, . . . , X,] ] is catenarian for a pullback R. Recall from [3] the corresponding facts about polynomial rings. Namely, if T = K + M is a quasilocal domain and R = D + M, where D is a subring of K with quotient field k, then, if k C K is algebraic and T [X,, , X,,] and D [X,, . . . , X,,] However, suppose that D = k is a subfield of K with char(k) = p > 0 and that k c K is an extension of finite exponent, in the sense that K"' C k for some integer e 2 1; then Corollary 3.5 establishes that, for each integer n 2 1, R [[X,, . , X,,] 
. , X,]]
When the number of indeterminates over R is greater than one, the assertion in Theorem 2.6 is no longer true, as the next two examples show. The first is quasilocal; the second, not semi-quasilocal. 
We remark that the above lemma is also true for power series rings in any finite number of indeterminates. (3) is equivalent to Spec(K)+ Spec(k) being radiciel, which is clearly equivalent to (4) . Also, the interested reader can develop arguments based on the concept of weak normalization, in the sense of [4] .
We now turn to the context of formal power series rings. Lemma 4.3 collects some useful observations. According to its part (b), a one-variable condition is far from enough to characterize (*): contrast the situation in condition (3) As the closed sets of Spec(B) (resp., Spec(A)) are Spec(B) (resp., Spec(A)), {XB} (resp., {XA}), and 0, the above definition of (Y shows that a is a closed map. Hence, by (a), (Y is a homeomorphism. The 0 construction will be very useful in the proof of our main result. For the sake of clarity, we next isolate that fragment of the argument. As usual, if F C G are fields, then Gal(G/F) will denote the group of F-algebra automophisms of G.
Lemma 4.5. (a) Let F C G be fields, (Y E G -F, (T E Gal(G/F)
such that a(a) # cr, and n 22 an integer. Put A = F[[X,, . . , X,,] ] and B = G [[X,, . . , X,,] ]. Then X, + CYX, and X, + (OX? are
nonassociated irreducible elements of the unique factorization domain B and (X, + aXI)B n A = (X, + a(c-u)X,)B n A. Hence Spec(B) -+ Spec(A)
is not an injection.
Proof. (a) Since B is a power series ring in a finite number of variables over a field, it is a unique factorization domain (cf. [8, Proposition 8, p. 5111 and [8, Corollary 3, p. 5331) . Of course, neither Y = X, + ax, nor 2 = X, + a(cr)X, is a unit of B, since their constant terms are not units of G. We show next that Y is irreducible in B; the proof for Z is similar and hence omitted. 
we derive from (a), with (F, G, n) = (k, K, Z), that there does not exist (Y E K -k, u E Gal(K/k) such that a(a) # (Y. Since k C K is Galois, this means that K -k = 8, whence K = k. 0
We can now give the main result of this section. Recall that, by convention, k C k is purely inseparable of finite exponent, for any field k, regardless of its characteristic. .) It follows that we may suppose that n = 2.
Suppose the assertion fails because the field extension k C K is not algebraic.
Choose X E K such that X is transcendental over k. By If k C K satisfies (*), then K is purely inseparable over k by Corollary 4.7; it then follows that Spec( K) + Spec(k) is a universal homeomorphism (cf. [17, 12] ), so that Spec( /3,,) is a homeomorphism for each n. Hence, if k C K satisfies (*), then Spec(y,,) is a homeomorphism for each IZ. Conversely, if k C K is purely inseparable and S?ec( y,,) is a homeomorphism for each II, then we see, similarly, that k C K satisfies (*). In general, k C K satisfies (*) if and only if Spec( p,,) and Spec(y,,) are homeomorphisms for each n.
